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ABSTRACT: Our aim of thispaper isto obtain a common fixed point theorem for six self mappings of
gener alized metric space.
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[.INTRODUCTION

Many attempts have been made for proposing non-additive models of uncertainty. Most radical attempt was initiated
by Zadeh [9] in 1965 with the publication of his paper “Fuzzy Sets”. The notion of fuzzy set isaturning point in the
development of mathematics. Consequently the last three decades were very productive of mathematics. Fuzzy fixed
point theory has become an area of interest for specialistsin fixed point theory.

In this paper we establish a general common fixed point theorems, which generalize the result of Singh and Chouhan
[3,4], Singh, B. and Sharma[5,6,7], Som, T and Mukherjee Ray [8].

In 2002, Branciari [1] obtained a fixed point theorem for a single mapping satisfying an analogue of a Banach
contraction principle for integral type inequality. After the paper of Branciari, a lot of research works have been
carried out on generalizing contractive conditions of integral type for different contractive mappings satisfying
various known properties.

II. THEOREM
Theorem 2.1: (Branciari) [1] Let (X, d) be a complete metric space, CE(O,I) and let f: X: X be amapping such
that for each x, yeX,

d(fx.fy) d(x,y)
j p(t)dt = ::j @ (t)dt
0 0

Where ¢: [G, +oo) — [O, —I-OO) is a Lesbesgue - integrable mapping which is summable on each compact
subset of [0,+00), nonnegative, and such that for each £ > 0, f;gp(t) = (), then f has a unique fixed
point @ € X such that for each xeX, lim,, ., f" x =a

Theorem 2.2: [2] Let (X, d) be acomplete metric space and f: X —X such that

difx, dix, diy, ~d(x, dix. fyldiy,
[P y(ndr < a [CETPHO e + g [T ue)de vy [P S0

0 0 0 u(t)dt,

For exh x, y € X with nonnegative reds a,f,y such tha 2a+f +2y <1,
Where Uu: [O,—l—OO) — [O,—i—DO) is a Lesbesgue — integrable mapping which is summable,non-negative and
such that for each € == 0, f:u(t)dt = (). Then f has aunique fixed point in X.

Thereisagap in the proof of Theorem 2.2 In fact, the authors [2]
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Used the inequality | Jo 1 !\T} = JIT‘-'H:T)”T + JII:J U { jﬂ[ for 0 =a=<Ch, which is not true in general. The
aim of the paper is to present in the presence of this inequality an extension of Theorem 2.2 using altering distance

functions.
On taking the concept of Branciari we establish common fixed point theorem in generalized for 6 mappings taking

integral type mapping.

Definition 2.3: The 3-tuple (X, S, *) is said to be a S-Fuzzy Metric Space if X isanArbitrary Set, * is a continuous
t-norm and § isaFuzzy set on X% x {ﬂ DD} Satisfying the following conditions.

(i) S(x,y,z,t)>0

(i) S(x,y, z,t) =1if and only if

(iii) S(x, Y, z, t) = S(y, z,x t)S (z, y, X, t) (Symmetry)

. P A A 1
(Iv)au; V.Z,T TbTLI r-'au; V. W, T | & .Juc W,Z,S) % JDIW,V,Z, 1)
(Trtrahedral inequality)
™ S(x,v,2,.):(0,00) — [0,1]iscontinuousfor al x,y, z, weX and 7, 5, t > 0
Qs

Geometrically ot X, ¥, Z, L,J represents the Fuzzy Perimeter of the triangle whose vertices are the points x,y and z

with respect to t 2 0.

1. MAIN RESULT

Theorem 3.1: Let A, B, P, Q, E and F be self mappings of a complete fuzzy metric space (X, S, *) with continuous
t-norm *definedby @ * b = min{(a, b) : a, be[0,1]} satisfying the following conditions

AB(x) © F(x),PQ(x) c E(x) fordlx,yeX,t >0 ...(L1)
Mappings E and F are continuous. ... (1.2)
{AB, E} and {PQ, F} are compatible pairs of mapping for al x, yeX, t > 0, ke[0,1]
. (13)
S(ABx,PQy,kt) ]
/s T e®dt = [ (dt . (14)

Where | = min {S(ABx, Ex,t), S(PQy,Fy,t), S(Ex,Fy, t),
S(ABx,Ex, 2t)S(PQy, Fy, 2t) S(ABx, Ex, 2t)
S(Ex,Fy,t) " S(Ex,Fy,t)
S(ABx,Fy,t) + S(PQy, ZDN
2

Foral x, yeX, limS (x, y,t) > 1 ast — o (L5)
Then AB, PQ, E and F have a uniqgue Common fixed point in X.
Proof: Let x;€X be arbitrary. Since AB(x) F(x). We can find apoint x; in X suchthat ABx, = Fx ;. Also
since PQ(x) E(x). We can choose a point x» with PQx; = Ex5
Using this argument repeatedly we can construct sequence {yn} in X such
thet Vo7 = Fx5,1 = ABx5,, 5 and
Von = Ex3py = MNx5, 1 ,n=1,23,.........
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From (1.4) we have

rS(¥2ner¥oneakth oo . r5{ABxn FOxonsakt) o
.J!'D i
Where [4_
i €0, ) £Y Cf o, AT £ Cf, ar +
LML Y ¥one ¥2u+12 U I Y2042 ¥2n+1a0 LY\ ¥one ¥2n+12L 1y
S(on+1V2n280S(Vona2.¥2ne1.2t) S(Wans1d2n2t)
H r
Where /5 Svondznent) S0andenent)
S{yans 1v2ne 10+ 5Vans 2,520t )y
- }
5(y2n+1.¥2n+2.kt) S5(yvzn¥yzn+1.t)
Iy e®)dt = [ @(t)dt
Which impliesin genera
S(¥nn+1.kt) Syn—1ynt)
/5 p(t)dt = [, @(t)dt ... (16)

To prove that {yﬂ} is a Cauchy Sequence we shall prove
S Ynemet) 21— A4 ..(17)

istrueforal n = ngandevery m € N
Here we use induction method from (1.6) we have

. t
5 LT+ th S5 mn—1. 1.7, 4
[ o )de = [2O R (1)t

0

t; ° vyt
- [Sloneaneathn) SOOI gt 1 as s oo

i.e Fort > 0, A€ (0,1) wecanchoose ng€eN suchthat Sy, Yni1,t) =1 -4

Thus (1.7) istrue for m=1 suppose (1.7) istrue for m then we shall prove that it is also true for m+1.
Using the definition of fuzzy metric space by (1.6) and (1.7) we have

min {S(J’m)’n+mJt/z:*:5@n+m3’n+m+lltf2]}

p(t)dt = j o(t)dt

0
=1-4
Hence (1.7) istrue for m+1. Thus {yn} is a Cauchy Sequence. By completeness for (X , S ,*), {yn} convergesto

jSWnJYn+m+1jt}
1]

somepoint zin X. Thus {ABx5, }, {Ex2, }, {PQx2n_1} and {Fx5,_4 } aso convergesto z. Now
ABx,, — zandEiscontinuous. Hence EABx,, = Ez.

Thusfor t > 0, 4 € (0,1) there exist an 1, € N such that
S(EABx,,,Ez,b/5) = 1 — Atordin > n,
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Using (1.3) we have

~S(ABEx~-. EABx-. Y/ Y .
SEERSATLRSEESAT P2 A L 1
YL Jidi i

g
ol s —2 LV o -2 Lo
S\ABExan.Fxan,t)+5(PQFxan_1.E xzn,U}
Taking limit astt — ©o and using (1.8)and (1.9) we get
S(Ez,Fzkt) S(Ez,Fzt) .
Js e()dt = [ p(t)dt
Which implies that
Ez=Fz (1.10)
Now
S(AEZJPQszn—th) Jrﬂl-
j @(t)dt = J o (t)dt
0 0

min {S(ABzEz,t), S(PQFx,n—1, F?%n-1 ),
25
S(Ez,F?x,,_1,1),
Where Jac S(ABz,Ez,2t)S(PQFxon_1,F2Xsn-1,2t)  S(ABEzEz,2t)
S(Ez,F?x3n-1t) " S(Ez,F2xon_1.1)”
s{ABEz,szzn_l,t}+5(PQFx2n_lJEth)}

-
A

Taking thelimitasm — ©o and using (1.9) and (1.10) we get

S({ABz,Fz kt) S(ABz Fz,t)
Iy p(t)dt = [] @(t)dt
Which implies that
ABz=Fz (1.11)

J,':.S(ﬂxBz,I:'QEZJit] @(t)dt = fc{5 @(t)dt
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min ISTADs e +) S(DMN> G +1
min (3\ABZ, B2, 1), 5(PUZ, P, 1),
Si(Ez Fz. t)
albzZ Pz 1),
T CIAD- B 2 \CiDM- B 24 CIADR. B o4
Where }5 — OVADGELEIUOINCYETE LT O\ADLELEZL
S{Ez,Fz,t) ' S{Ez.Fz.t)
S(ABEzFzt)+5(PQzEzt),
- }
rSl:HEZ.PQZ.KI:] PN T f,ié PR
I MITIAT = 1 mlTlat
S0 T NS J0 T s
min [C(Fe Bz +) €Dz AR +)
min Sz, 22, U, 5(PUZ, ABZ, ),
Si(Ez Fz. t)
albzZ Pz, 1),
T CIAD- P 20BN B 24y CIADD . T 2
Where JIE — OVADELZ LMD YELE,L0) SNADLELE LY
S(Ez,Fz,t) ' S(Ez.Fz.t)
Sl[jf-uali:z,.1='z,.tja+s.(PQz,Ez,.t]:,L
2 )
Which implies that
ABz=MNz
Using (1.10) and (1.12) we get
ABz=MNz=Ez=Fz
S(ABx2p,PQzkt) T7 .
Now | eMdt = [[7 @(t)dt
min {S(ABx,,, Ex,,,t), S(PQz,Fz,t),
S(Ex,,, Fz,t),
Where |, S(ABX21x21,20)5(PQz,Fz,2t) S(ABxopExap2t)
S(Ex2p,Fzt) " S(Exap Fazt)

S(ABx2p,Fz,t)+5(PQz,Exap,t)

- }
= [ p(t)dt

min {S(Ex,,, Fz,t), S(ABx,, Ex,p, t), S(PQz, Fz, 1),

S(ABx>p,Ex2n,2t)5(PQz,Fz,2t)

Where Ig: S{Exzn,JFz,t} !
S(ABx2n,Ex2n,2t) S(ABxanFzt)+S(PQz,Exan,t)
S(ExzpFzt) 2 }

Taking limit asnn. — ©o and using (1.13) we get
5(z,PQzkt) 5(zPQzt)
l, P(O)dt = ] p(H)dt
Which implies that
Z=MNz (1.14)

(1.12)

(1.13)
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Thus z isacommon fixed point of AB, PQ, E and F. For the uniqueness let w be another common fixed point of said

mappings. Then from (1.14)

s T T

j(‘ S5{ABz, POQw,kt) i.“ ig
i o(tidt = | o(t)dt
! B S _j T WS
Jo J0
T o (QIAD., T 4 QDM Do 2 OFD. T, £
Where  jg = TIliil { 0{ADEZ, £Z, Uj, ol YW, I'W, 1j, 0 BZ, FW, 1)
S{ARz Bz Z00S(D0w Tw 7)) SIAB7z Bz 7Y S{ARz Fyw t) 4 S§/D0w Ez )
ABZ, 2z, 205 PV v, 2L} SIABZ 2Z, 2) S(ADBZ,, Pw, ) + Sk , ozt
QL Duar +1 QLo Dear +1 2}
T LAy VY, L T Ly ITVV), L F
f\q‘ﬁ’,;{‘t} et T {'S{ZJ“":L"} 2w T
e 1. wiLiaL = 1. wiLile
Ji L) i L)

Hence, z = w.This completes the proof.
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